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1. INTRODUCTION AND PRELIMINARIES
We investigate the periodic character and the global stability of solu-
tions of the nonlinear, second-order, rational difference equation
p yn1
y  , n 0, 1, . . . , 1Ž .n1 qy  yn n1
where the parameters p, q are positive real numbers and the initial
conditions y , y are arbitrary positive real numbers.1 0
Other nonlinear, second-order, rational difference equations were inves-
 tigated in 1, 6, 1013 . The study of these equations is quite challenging
and rewarding and is still in its infancy.
We believe that nonlinear rational difference equations are of paramount
importance in their own right, and furthermore that results about such
equations offer prototypes for the development of the basic theory of the
global behavior of nonlinear difference equations.
1 On research sabbatical leave from the Department of Mathematics, Appalachian State
University, Boone, NC 28608.
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1 Let I be some interval of real numbers and let f C I I, I . Let
x I be an equilibrium point of the difference equation
x  f x , x , n 0, 1, . . . , 2Ž . Ž .n1 n n1
that is,
x f x , x .Ž .
Ž . Ž .DEFINITION 1. i The equilibrium x of Eq. 2 is called locally stable if
 for every  0 there exists a  0 such that x , x  I with x  x 0 1 0
 x  x   ; then1
 x  x   for all n	1.n
Ž . Ž .ii The equilibrium x of Eq. 2 is called locally asymptotically stable
if it is locally stable and if there exists a  0 such that x , x  I with0 1
   x  x  x  x   ; then0 1
lim x  x .n
n
Ž . Ž .iii The equilibrium x of Eq. 2 is called a global attractor if for
every x , x  I we have0 1
lim x  x .n
n
Ž . Ž .iv The equilibrium x of Eq. 2 is called globally asymptotically
stable if it is locally stable and a global attractor.
Ž . Ž .v The equilibrium x of Eq. 2 is called unstable if it is not stable.
Let
 f  f
r x , x and s x , xŽ . Ž .
 u  
Ž .denote the partial derivatives of f u,  evaluated at an equilibrium x of
Ž .Eq. 2 . Then the equation
y  ry  sy , n 0, 1, . . . , 3Ž .n1 n n1
Ž .is called the linearized equation associated with Eq. 2 about the equilib-
rium point x.
Ž . Ž .THEOREM A Linearized Stability . a If both roots of the quadratic
equation
2  r s 0 4Ž .
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  Ž .lie in the open unit disk   1, then the equilibrium x of Eq. 2 is locally
asymptotically stable.
Ž . Ž .b If at least one of the roots of Eq. 4 has absolute alue greater than
Ž .one, then the equilibrium x of Eq. 2 is unstable.
Ž . Ž .c A necessary and sufficient condition for both roots of Eq. 4 to lie
 in the open unit disk   1 is
 r  1 s 2. 5Ž .
In this case the locally asymptotically stable equilibrium x is also called a sink.
Ž . Ž .d A necessary and sufficient condition for one root of Eq. 4 to hae
Ž .absolute alue less than one and the other root of Eq. 4 to hae absolute
alue greater than one is
2    r 4 s and r  1 s .
In this case, x is called a saddle-point equilibrium.
The following theorem, called the Stable Manifold Theorem in the
Plane, explains the significance of x being a saddle-point equilibrium.
Ž .THEOREM B The Stable Manifold Theorem in the Plane . Let T:
 .  .  .0,  0,  0, be a diffeomorphism, that is, T is a continuously
differentiable homeomorphism whose inerse is also continuously differen-
tiable.
Ž . Ž .Assume that p 0,  0, is a saddle fixed point of T. That is,
Ž . Ž .  T p  p and the Jacobian J p has one eigenalue s with s  1 and oneT
 eigenalue u with u  1.
Let v be an eigenector corresponding to s and let v be an eigenectors u
corresponding to u.
Let S be the stable manifold of p, that is, S is the set of initial points q
whose forward iterates
q, T q , T 2 q , . . .Ž . Ž .
conerge to p.
Let U be the unstable manifold of p, that is, U is the set of initial points q
whose backward iterates under the inerse of T
q, T1 q , T2 q , . . .Ž . Ž .
Ž .conerge to p. Then, S and U are each one-dimensional manifolds cures
that contain p. Furthermore, the ectors v and v are tangent to S and U ats u
p, respectiely.
Ž .For Eq. 2 , the map T is found as follows. For n	 0, set
u  x and   x for n	 0.n n1 n n
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Then
u  and   f  , u for n	 0Ž .n1 n n1 n n
and
uT  .ž / ž /f  , uŽ .
xŽ .Clearly, the characteristic roots of the Jacobian J at the equilibriumT x
Ž . Ž .point x of Eq. 2 are the roots of Eq. 4 .
We now give the definitions of the positive and negative semicycles of a
Ž .solution of Eq. 2 relative to an equilibrium point x.
We believe that a semicycle analysis of the solutions of a scalar differ-
ence equation is a powerful tool for a detailed understanding of the entire
character of solutions and often leads to straightforward proofs of their
long-term behavior.
 4 Ž .A positie semicycle of a solution y of Eq. 2 consists of a ‘‘string’’ ofn
 4terms y , y , . . . , y , all greater than or equal to the equilibrium x, withl l1 m
l	1 and m
  and such that either
l1 or l1 and y  x ,l1
and either
m  or m  and y  x .m1
 4 Ž .A negatie semicycle of a solution y of Eq. 2 consists of a ‘‘string’’ ofn
 4terms y , y , . . . , y , all less than the equilibrium x, with l	1 andl l1 m
m
  and such that either
l1 or l1 and y 	 xl1
and either
m , or m  and y 	 x .m1
Ž . Ž .  4DEFINITION 2 Oscillation . a A sequence x is said to oscillaten
about zero or simply to oscillate if the terms x are neither eventually alln
positive nor eventually all negative. Otherwise the sequence is called
 4nonoscillatory. A sequence x is called strictly oscillatory if for everyn
n 	 0 there exist n , n 	 n such that x x  0.0 1 2 0 n n1 2
Ž .  4b A sequence x is said to oscillate about x if the sequence x  xn n
 4oscillates. The sequence x is called strictly oscillatory about x if then
sequence x  x is strictly oscillatory.n
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 The first result was established in 6 .
  Ž . Ž . Ž .THEOREM C 6 . Assume that f C 0,  0, , 0, is such that
Ž . Ž .f x, y is decreasing in x for each fixed y and f x, y is increasing in y for each
fixed x.
Ž .Let x be a positie equilibrium of Eq. 2 . Then, except possibly for the first
Ž .semicycle, eery oscillatory solution of Eq. 2 has semicycles of length one.
The next result applies when the function f is decreasing in both
arguments.
Ž . Ž . Ž . Ž .THEOREM D. Assume that f C 0,  0, , 0, and that f x, y
is decreasing in both arguments.
Ž .Let x be a positie equilibrium of Eq. 2 . Then eery oscillatory solution of
Ž .Eq. 2 has semicycles of length at most two.
 4Proof. Assume that x is an oscillatory solution with two consecutiven
terms x and x in a positive semicycleN1 N
x 	 x and x 	 xN1 N
with at least one of the inequalities being strict. The proof in the case of a
negative semicycle is similar and is omitted. Then by using the decreasing
character of f we obtain
x  f x , x  f x , x  xŽ . Ž .N1 N N1
which completes the proof.
Ž .The next two results are general convergence theorems for Eq. 2 .
   THEOREM E 3 . Let a, b be an interal of real numbers and assume
that
     f : a, b  a, b  a, b
is a continuous function satisfying the following properties:
Ž . Ž .a f x, y is nonincreasing in each of its arguments;
Ž . Ž .    b if m, M  a, b  a, b is a solution of the system
f m , m M and f M , M m ,Ž . Ž .
then mM.
Ž .  Then Eq. 2 has a unique equilibrium x a, b and eery solution of Eq.
Ž .2 conerges to x.
   THEOREM F 13 . Let a, b be an interal of real numbers and assume
that
     f : a, b  a, b  a, b
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is a continuous function satisfying the following properties:
Ž . Ž .    a f x, y is nonincreasing in x a, b for each y a, b , and
Ž .    f x, y is nondecreasing in y a, b for each x a, b .
Ž . Ž .b The difference equation Eq. 2 has no solutions of prime period two
 in a, b .
Ž .  Then Eq. 2 has a unique equilibrium x a, b and eery solution of Eq.
Ž .2 conerges to x.
2. LINEARIZED STABILITY
Ž .Equation 1 has a unique equilibrium point y given by
'1 1 4 p 1 qŽ .
y .
2 1 qŽ .
Ž .The linearized equation associated with Eq. 1 about y is
q qy p
z  z  z  0, n 0, 1, . . . . 6Ž .n1 n n11 q y p 1 qŽ . Ž .
By employing Theorem A we see that y is locally asymptotically stable
when
q 1 y 2 p 7Ž . Ž .
Ž .and unstable a saddle point when
q 1 y 2 p. 8Ž . Ž .
Clearly, the equilibrium y is the positive solution of the quadratic equa-
tion
21 q y  y p 0.Ž .
If we now set
F u  1 q u2  u pŽ . Ž .
Ž .it is easy to see that 7 is satisfied if and only if either
q
 1
or
2 p
q 1 and F  0.ž /q 1
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Ž .Similarly, 8 is satisfied if and only if
2 p
q 1 and F  0.ž /q 1
The following result is now a consequence of the above discussion and
some simple calculations.
Ž .THEOREM 1. The equilibrium y of Eq. 1 is locally asymptotically stable
when
q 1 4 p , 9Ž .
and unstable and, more precisely, a saddle point equilibrium when
q 1 4 p. 10Ž .
3. EXISTENCE AND LOCAL STABILITY OF
PERIOD-TWO CYCLES
Let
. . . ,  , 	 ,  , 	 , . . .
Ž .be a period-two cycle of Eq. 1 . Then
p  p 	
 and 	 .
q	  q 	
It now follows after some calculations that the following result is true.
Ž .THEOREM 2. Equation 1 has a prime period-two solution
. . . ,  , 	 ,  , 	 , . . . 11Ž .
if and only if
q 1 4 p.
Ž .Furthermore, when 10 holds, the period-two solution is ‘‘unique’’ and the
alues of  and 	 are the positie roots of the quadratic equation
p
2t  t  0.
q 1
To investigate the local stability of the two cycle
. . . ,  , 	 ,  , 	 , . . . ,
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we set
u  y and   y , for n 0, 1, . . . ,n n1 n n
Ž .and write Eq. 1 in the equivalent form
u n1 n
p un  , n 0, 1, . . . .n1 q  un n
Ž . Ž .Let T be the function on 0,  0, defined by

p uuT  .ž /  0q  u
Then
ž /	
is a fixed point of T 2, the second iterate of T. By a simple calculation we
find that
g u , Ž .u2T ž / ž /h u , Ž .
where
p u p
g u ,   and h u ,   .Ž . Ž .
q  u qg u ,  Ž .
Clearly, the two-cycle is locally asymptotically stable when the eigenval-
Ž .2ues of the Jacobian matrix J , evaluated at , lie inside the unit disk.	T
We have
 g  g
 , 	  , 	Ž . Ž .
  u  
2J  ,T ž / h h	  0 , 	  , 	Ž . Ž .
 u  
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where
 g q	 p
 , 	  ,Ž . 2 u q	 Ž .
 g p  qŽ .
 , 	  ,Ž . 2  q	 Ž .
h q p 	 q	 pŽ . Ž .
 , 	  ,Ž . 2 2u q 	 q	 Ž . Ž .
and
h q2 p  p 	 q pŽ . Ž .
 , 	   .Ž . 2 2 2  q 	 q	  q 	Ž . Ž . Ž .
Set
 g h
S  , 	   , 	Ž . Ž .
 u  
and
 g h  g h
D  , 	  , 	   , 	  , 	 .Ž . Ž . Ž . Ž .
u     u
Ž . Ž .2Then it follows from Theorem A c that both eigenvalues of J lie	T
 inside the unit disk   1 if and only if
 S  1D 2. 12Ž .
Ž .Inequality 12 is equivalent to the following three inequalities:
S 1D 13Ž .
1D S 14Ž .
D 1. 15Ž .
Ž .First we will establish Inequality 13 .
Ž .To this end observe that 13 is equivalent to
2 2q	 p q 	  q p q	 Ž . Ž . Ž . Ž .
 q2 p 	 p   q	 p q pŽ . Ž . Ž . Ž .
2 2
 q	  q 	 ,Ž . Ž .
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which is true if and only if
p
3 2 2 2 2 2q  2 q  4qp 2 q p 2 p 3q  q p q p  qp pŽ .
q 1
2 2
 q	  q 	 ,Ž . Ž .
which is true if and only if
q3p 7q2 p 8qp2  4q2 p2  4 p2  7qp 2 q2  q p q3  0,
which is true if and only if
p
 p 1 q 1 q q 1 4 p  0,Ž . Ž . Ž .ž /p 1
which is true because q 1 4 p.
Ž . Ž .Next we will establish Inequality 14 . Observe that 14 is equivalent to
2 2 q	  q 	Ž . Ž .
2 2 2
 q	 p q 	  q p q	 Ž . Ž . Ž . Ž .
 q2 p 	 p   q	 p q p ,Ž . Ž . Ž . Ž .
which is true if and only if
p2 2 3 2 2 q	  q 	  q  4q  4qp 2 q p 2 p 3qŽ . Ž . Ž .
q 1
 p q2 p2 ,
which is true if and only if
q2  2 pq 2 p2q2  p2  qp2  q3  3q3p 2 q3p2  p 0,
which is true if and only if
p2 2 q3  2 q2  q 1  p 3q3  2 q 1  q3  q2  0,Ž . Ž .
which is true because q 1.
Ž . Ž .Finally, we establish Inequality 15 . Observe that 15 is true if and only
if
2 2q	 p q p  q	  q 	 ,Ž . Ž . Ž . Ž .
which is true if and only if
p 22q  q 1 q p  pq p q ,Ž . Ž . Ž .
q 1
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which is true if and only if
q pq p q pq 2 p q 1  0,Ž . Ž .
which is true because q 1 4 p.
4. INVARIANT INTERVALS
Here we show that the interval I with endpoints 1 and pq is an
Ž .invariant interval for Eq. 1 . More precisely, we show that the values of
 4 Ž .any solution y of Eq. 1 either remain forever outside the intervaln n1
I or the solution is eventually trapped into I.
 4 Ž .THEOREM 3. Let y be a solution of Eq. 1 . Then the followingn n1
statements are true.
Ž .a Assume that p
 q and that for some N	 0,
p

 y 
 1.Nq
Then
p

 y 
 1 for all n	N.nq
Ž .b Assume that p	 q and that for some N	 0,
p
1
 y 
 .N q
Then
p
1
 y 
 for all n	N.n q
Ž .Proof. a Indeed, we have
p y p yN1 N1
y  
  1N1 qy  y p yN N1 N1
and
p y p y p p y pN1 N1 N1
y   	  ,N1 q p ž /qy  y py  y q p y qŽ .N N1 N N1 N1p q
and the proof follows by induction.
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Ž .b Clearly,
p y p yN1 N1
y  	  1N1 qy  y p yN N1 N1
and
p y p p y p p y pN1 N1 N1
y   
  ,N1 pqy  y q py  y q p y qN N1 N N1 N1q
and the proof follows by induction.
5. SEMICYCLE ANALYSIS
Here we present a thorough semicycle analysis of the solutions of Eq.
Ž .1 , relative to the equilibrium y and relative to the endpoints of the
Ž .invariant interval of Eq. 1 .
 4 Ž .Let y be a solution of Eq. 1 . Then observe that the followingn n1
identities are true:
pq yn
y  1 q for n	 0. 16Ž .n1 qy  yn n1
pqy 1  pq 1 yp Ž .Ž .n1 nq
y   for n	 0. 17Ž .n1 q q qy  yŽ .n n1
p 2qy y   y  1 y y  qyŽ .Ž . Ž .n1 n n n1 n nq
y  y  for n	 0.n n2 q p y  y qy  yŽ . Ž .n1 n n n1
18Ž .
When
p q ,
that is, for the difference equation
p yn1
y  , n 0, 1, . . . , 19Ž .n1 py  yn n1
the above identities reduce to
1 yn
y  1 p for n	 0 20Ž .n1 py  yn n1
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and
py  y y  py2n1 n1 n n
y  y  y  1 for n	 0.Ž .n n2 n p p y  y py  yŽ . Ž .n1 n n n1
21Ž .
Ž . Ž .The following three lemmas are now direct consequences of 16  18 .
LEMMA 1. Assume that
p q
 4 Ž .and let y be a solution of Eq. 1 . Then the following statements aren n1
true:
Ž .i If for some N	 0, y  pq, then y  1.N N1
Ž .ii If for some N	 0, y  pq, then y  1.N N1
Ž .iii If for some N	 0, y  pq, then y  1.N N1
Ž .iv If for some N	 0, y 	 1, then y  pq.N N1
Ž .v If for some N	 0, y 	 pq, then y  y .N N2 N
Ž .vi If for some N	 0, y 
 1, then y  y .N N2 N
Ž .  vii If for some N	 0, 1
 y 
 pq, then y  1, pq for n	N.N n
  Ž .In particular, 1, pq is an inariant interal for Eq. 1 .
Ž .viii
p
1 y .
q
LEMMA 2. Assume that
p q
 4 Ž .and let y be a solution of Eq. 1 . Then the following statements aren n1
true:
Ž .i If for some N	 0, y  1, then y  1.N N1
Ž .ii If for some N	 0, y  1, then y  1.N N1
Ž .iii If for some N	 0, y  1, then y  1.N N1
Ž .iv If for some N	 0, y  1, then y  y  1.N N N2
Ž .v If for some N	 0, y  1, then y  y  1.N N N2
LEMMA 3. Assume that
p q
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 4 Ž .and let y be a solution of Eq. 1 . Then the following statements aren n1
true:
Ž .i If for some N	 0, y  pq, then y  1.N N1
Ž .ii If for some N	 0, y  pq, then y  1.N N1
Ž .iii If for some N	 0, y  pq, then y  1.N N1
Ž .iv If for some N	 0, y 
 1, then y  pq.N N1
Ž .v If for some N	 0, y 
 pq, then y 	 1.N N1
Ž .vi If for some N	 0, y 	 1, then y  y .N N2 N
Ž .vii If for some N	 0, y 
 pq, then y  y .N N2 N
Ž .  viii If for some N	 0, pq
 y 
 1, then y  pq, 1 for n	N.N n
  Ž .In particular, pq, 1 is an inariant interal for Eq. 1 .
Ž .ix
p
 y 1.
q
Note that the function
p
f u ,  Ž .
qu
is always decreasing in u but in  it is decreasing when u pq and
increasing when u pq.
The following result is now a consequence of Theorems C and D and
Lemma 3.
 4 Ž .THEOREM 4. Let y be a solution of Eq. 1 . Let I be the interaln n1
with endpoints 1 and pq and let J and K be the interals which are disjoint
from I and such that
I J K 0, .Ž .
Then either all the een terms of the solution lie in J and all odd terms lie in K ,
or ice ersa, or for some N	 0,
y  I for n	N. 22Ž .n
Ž .When 22 holds, except for the length of the first semicycle of the solution, if
p q
then the length is one, while if
p q
the length is at most two.
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6. GLOBAL BEHAVIOR OF SOLUTIONS
Ž .Recall that Eq. 1 has a unique equilibrium y which is locally stable
Ž . Ž . Ž .when 9 holds. When 10 holds, and only then, Eq. 1 has a ‘‘unique’’
prime period-two solution
. . . ,  , 	 ,  , 	 , . . . 23Ž .
with
p
 	 1 and 	 . 24Ž .
q 1
 4 Ž .Also, recall that a solution y of Eq. 1 either eventually enters then n1
interval I with endpoints 1 and pq and remains there or stays forever
outside I in which case, in view of Lemmas 13, it converges to the
Ž . Ž .period-two solution 23  24 .
Now when
q
 1 4 p
there are no period-two solutions and so the solutions must eventually
enter and remain in I and, in view of Theorems E and F, must converge
to y.
Ž .On the other hand, when 10 holds, any solution which remains forever
  Ž . Ž .outside the interval I pq, 1 must converge to the two cycle 23  24 .
Ž .But this two cycle lies inside the interval I. Hence, when 10 holds, every
Ž .solution of Eq. 1 eventually enters and remains in the interval I. The
character of these solutions remains an open question.
The above observations are summarized in the following theorem.
Ž .THEOREM 5. a Assume
q
 1 4 p.
Ž .Then the equilibrium y of Eq. 1 is a global attractor.
Ž .b Assume
q 1 4 p.
Ž .Then eery solution of Eq. 1 eentually enters and remains in the interal
 pq, 1 .
Ž .OPEN PROBLEM. Assume that 10 holds. Inestigate the basin of attrac-
Ž . Ž .tion of the two cycle 11 of Eq. 1 .
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